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Abstract 

Jiang and Su and (independently) Elliott discovered a simple, nu- 
clear, infinite-dimensional C*-algebra Z having the same Elliott in- 
variant as the complex numbers. For a nuclear C*-algebra A with 
weakly unperforated K*-group the Elliott invariant of A <g> Z is iso- 
morphic to that of A. Thus, any simple nuclear C*-algebra A having 
a weakly unperforated K*-group which does not absorb Z provides 
a counterexample to Elliott's conjecture that the simple nuclear C*- 
algebras will be classified by the Elliott invariant. In the sequel we 
exhibit a separable, infinite-dimensional, stably finite instance of such 
a non-iJ-absorbing algebra A, and so provide a counterexample to the 
Elliott conjecture for the class of simple, nuclear, infinite-dimensional, 
stably finite, separable C*-algebras. 

1 Introduction 

Elliott's classification of AF C*-algebras ([2]) via the scaled, ordered K - 
group began what is now a widespread effort to classify nuclear C*-algebras 
via the Elliott invariant. In the case of a stably finite, unital, simple C*- 
algebra A this invariant consists of the group K*A = KqA(BKiA, the class of 
the unit of A in K*A, an order structure on K*A (an element [p] ®x is positive 
if [p] is positive in K A and x can be represented as the Kj-class of a unitary 
u G Mi(A) such that uu* is a sub-projection of p), the Choquet simplex of 
normalised traces TA, and the pairing between K A and TA via evaluation. 
In this paper the invariant above will be denoted Ell(A). Let st(A) be the 
stable rank of A, as defined by Rieffel in [9]. Ell(— ) has been particularly 
successful in classifying simple C*-algebras of stable rank one. Until now, it 
was not known whether this invariant would suffice for the classification of 
stably finite C*-algebras of stable rank greater than one. 

An ordered group (67, G + ) is said to be weakly unperforated if x ^ G + 
and nx G G + for some natural number n implies that nx = 0. We recall that 
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the Elliott invariant of a simple nuclear unital C*-algebra A is isomorphic to 
that of A <g) Z whenever K*A is weakly unperforated ([4]). If A = A <g> Z, 
then we say that A is Z-stable. Our main result is the following: 

Theorem 1.1 For each natural number n > 2 there exists a simple, uni- 
tal, nuclear, separable, infinite-dimensional, stably finite, non-Z -stable C*- 
algebra B n such that K*B n is weakly unperforated and si(B n ) e {n + 1, n+2}. 
In particular, 

El\(B n ) ~ EU(B n ®Z). 

Thus, B n and B n <g> Z constitute a counterexample to the Elliott conjecture 
for the class of simple, nuclear, infinite-dimensional, stably finite C*-algebras. 
We note that the existence of B n answers Question 1.5 of [4] negatively; the 
weak unperforation of the K*-group does not imply that a simple, unital, 
nuclear, separable, infinite-dimensional C*-algebra absorbs Z. 

The title of this paper derives from the fact that the algebra B n of The- 
orem 1.1 has sr(£? n ) e {n + 1, n + 2} while, as we shall see, sr(B n <g> Z) < 2. 
It is possible (but purely speculative) that finer invariants such as K-theory 
with coefficients, the semigroup of Murray- von Neumann equivalence classes 
of projections, or higher algebraic K-theory will recover stable rank, and so 
the independence of the title is only with respect to the notion of K-theory 
captured by Ell(— ). 

We conclude this section with an outline of the sequel. Section 2 lists 
several theorems from [3], which are applied in section 3 to construct the 
algebra B n of Theorem 1.1. The general ideas of this latter section are also 
found in [3]. In section 4 B n is shown to have the properties claimed in 
Theorem 1.1. 

Acknowledgements. The author would like to thank George Elliott and 
Ping Wong Ng for their many helpful comments on earlier drafts of this paper. 
This research was funded by both the Israel Halperin Graduate Award at the 
University of Toronto and by a Natural Sciences and Engineering Research 
Council of Canada Postdoctoral Fellowship. 

2 Background and essential results 

We begin by reviewing the definition of the generalised mapping torus, due 
to Elliott. Let C, D be C*-algebras and let O , 0i be *-homomorphisms from 
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C to D. Then the generalised mapping torus of C and D with respect to O 
and 0i is 

A:={(c,d)\deC([0,l];D), ceC, d(0) = o (c), = 0i(c)} 

We will denote A by A(C, D, 0o, 0i) where appropriate for clarity. We now 
list (without proof) some theorems of [3] which will be used in the sequel. 

Theorem 2.1 (Elliott and Villadsen ([3]), Theorem 2) The index map 
5* : K*C — ► Ki-*SD = K*D in the six term periodic sequence for the ex- 
tension 

— >SD — >A — >C — > 

is the difference 

K*0! - K*0 O : K m C — > K*D. 
Thus, the six-term exact sequence may be written as the short exact sequence 

— > Coker6i_* — > K*A — > Kerfc* — > 0. 

In particular, ifbi^ is surjective, thenK^A is isomorphic to its image, Kerfr*, 
in K*C. 

Suppose that cancellation holds for D — i.e., that cancellation holds in 
the semigroup of Murray-von Neumann equivalence classes of projections of 
projections in D and in matrix algebras over D (equivalently, in D <g) K,). It 
follows that if bi is surjective, so that K A C K C, then 

(K A) + = (K C) + n K A 

The preceding conclusion also holds if cancellation is only known to hold 
for each pair of projections in D <g> /C obtained as the images under the maps 
0o and 0! of a single projection in C <S> K,. (In other words, if two such such 
projections in D <g> /C have the same K class then they should be equivalent, 
assuming as before that b\ is surjective.) 

Theorem 2.2 (Elliott and Villadsen ([3]), Theorem 3) Let A-y and A 2 

be building block algebras as described above, 

Ai = A(C,D,(fri,(j)[), t = l,2. 
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Let there be given four maps between the fibres, 



7: Ci-c 2 , 

5, 5' : Di — > -D2, a^rf, 
e: Ci-£>2, 

swc/i £/ia£ 5, <5' and e /iave mutually orthogonal images, and 

54>l + + e = $7, 
50 i + 5'^ + e = 
T/ien i/iere exzsfo a unique map 

: A - A 2 , 

respecting the canonical ideals, giving rise to the map 7 : Ci — > C2 between 
the quotients (or fibres at infinity), and such that for any < s < 1, if e s 
denotes evaluation at s, and the evaluation at infinity, 

e s = 5e s + 5'ei-s + ee^. 

Theorem 2.3 (Elliott and Villadsen ([3]), Theorem 4) Let A 1 and A 2 

be building block algebras as in Theorem 2.1. Let 9 : A 1 — > A 2 be a ho- 
momorphism constructed as in Theorem 2.2, from maps 7 : C\ — > C 2 , 
5, 6':D 1 ^ D 2 , and e:C x ^D 2 . 

Let there be given a map j3 : D\ — > C 2 such that the composed map (3(f)\ is 
a direct summand of the map 7, and such that the composed maps (fil/3 and 
4>lP are direct summands of the maps 5' and 5, respectively. Suppose that the 
decomposition of 7 as the orthogonal sum of (3(/>\ and another map is such 
that the image of the second map is orthogonal to the image of p. (Note that 
this requirement is automatically satisfied if C\, D\, and the map /3<f>\ are 
unital.) 

It follows that, for any < t < \, the map 9 : A 1 — > A 2 is homotopic 
to a map 9 t : A 1 — > A 2 differing from it only as follows: the map e^Qt has 
the direct summand f3e t instead of one of the direct summands /90jeoo and 
P(p\eoo of eoo9, and for each < s < 1 the map e s 9 t has either the direct 
summand 4>lj3e t instead of the direct summand <plj3e s of e s 9, or the direct 
summand 4>\(3e t instead of the direct summand <p\l3e s of e s 9, or both. 

Furthermore, let a : D 1 — > C 2 be any map homotopic to ft within the 
hereditary sub-C* -algebra of C 2 generated by the image of p. Then the map 
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9 t is homotopic to a map 6' t : A 1 — > A 2 differing from 9 t only in the direct 
summands mentioned, and such that e oo t has the direct summand aet instead 
of Pet, and for each < s < 1, e s 6 t has either <plae t instead of 4>l/3e t , or 
4>\aet instead of<f>lPe t . 

Theorem 2.4 (Elliott and Villadsen ([3]), Theorem 5) Let 

A 1 hA 2 h... 

be a sequence of separable building block C* -algebras, 

A i = A(C i ,D i ,(f>l(f>[), » = 1,2,... 

with each map Q { : — > A i+1 obtained by the construction of Theorem 2.2 
(and thus respecting the canonical ideals). For each % — 1, 2, . . . let Pi : Di — > 
Cj + i &e a map verifying the hypotheses of Theorem 2.3. 

Suppose that for every i = 1,2,..., the intersection of the kernels of the 
boundary maps 0q and (f>\ from Cj to Di is zero. 

Suppose that, for each i, the image of each of '</>g +1 and </4 +1 generates D i+1 
as a closed two-sided ideal, and that this is in fact true for the restriction of 
(/>q +1 and to the smallest direct summand of Cj + i containing the image 
of Pi. Suppose that the closed two-sided ideal of C i+ i generated by the image 
of Pi is a direct summand. 

Suppose that, for each i, the maps 5 i — 0q/3j and 5i — 4>\Pi from Di to D i+1 
are injective. 

Suppose that, for each i, the map 7, — Pi<p\ takes each non-zero direct 
summand of C{ into a subalgebra of Ci+i not contained in any proper closed 
two-sided ideal. 

Suppose that, for each i, the map Pi : Di — > Cj+i can be deformed — inside 
the hereditary sub-C* -algebra generated by its image — to a map ai : D t — > 
Cj + i with the following property: There is a direct summand of ai, say cti, 
such that a.i is non-zero on an arbitrary given element Xi of Di, and has 
image a simple sub-C* -algebra of Ci + ±, the closed two-sided ideal generated 
by which contains the image of Pi. 

Choose a dense sequence (t n ) in the open interval (0, |), such that t 2n = 

^2n-l) n — 1,2,.... 

Choose a sequence of elements x 3 e D 3 , x 5 G D 5 , x 7 G D 7 , . . . (necessar- 
ily non-zero) with the following property: For some countable basis for the 
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topology of the spectrum of each of Di, D 2 , . . ., and for some choice of non- 
zero element of the closed two-sided ideal associated to each of these (non- 
empty) open sets, under successive application of the maps Si — <\> % \ X Pi each 
one of these elements is taken into Xj for all j in some set S C {3, 5,7,.. .} 
such that {tj,j G S} is dense in (0, |). Choose otj as above such that 
otj{xj) 7^ for some direct summand otj of otj for each j G {3,5,7,...}. 
For each j G {4, 6, 8, . . .} choose otj with respect to the non-zero element 
(<5j-i - (^oPj-i)(xj-i) ofDj. (If j = 1 or 2, choose a, = 

It follows that, ifO i denotes the deformation ofOi constructed in Theorem 
4, with respect to the point U G (0, |) and the maps and Pi (and a fixed 
homotopy of Pi to cti ), then the inductive limit of the sequence 




is simple. 



3 The construction of B 



n 



We now specify C*-algebras Ai = Ai(C i: D i: 0°, (f)\) as in Theorem 2.1, and 
maps 5i, 5 i1 7^, and Pi satisfying the hypotheses of Theorems 2.2, 2.3, and 
2.4 in order to construct an inductive sequence 

whose limit will be the C*-algebra B n of Theorem 1.1. 

Let D denote the closed unit disc in the complex numbers. Put 

Xi = D n x CP nCT{1) x CP na(2) x • • • x CP na(i) 

— the a(i) are natural numbers to be specified — so that 

X i+1 = XiX CP na{i+1 \ 

and let 

: X l+1 — Xi, : X l+1 — C P n ^ 

be the co-ordinate projections. 
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We will take Cj = pj(CpQ) <g> /C)pj, where pj is a projection in CpQ) <g> /C 
to be specified. Let Di = Ci® M fc . dim ( Pi ), where fcj is a positive integer to be 
specified. Define maps 

Vu^i '■ Ci — >■ Ci ® M dim ( p .) 

as follows: 

Hi(a) = pi® a(xi), 

Vi{a) = a <g) ldim( Pl )- 

For t G {0, 1}, we will take to be the direct sum of l\ copies of //* and ki — lj 
copies of z/j, where the /• are non- negative integers to be specified. All that 
we mention now is that we should have I] — Z° 7^ 0. We need only specify the 
4>l up to unitary equivalence, a fact we shall exploit below. 
By Theorem 2.1 we have that for any e G K (Cj), 

60(e) =(l}-l°)(K (ji i )-KoM) 

= (I] - J?)(dim(e) • K fe) - dimfe) • e). 

Since I] - !■ ^ and since K Cj is a finitely generated free abelian group, 
we have that Ker6 is the largest subgroup of K Cj containing K (pj) and 
isomorphic to the integers. In the sequel we will choose Pi so that K (pj) 
in fact generates said subgroup. Since KxCj = we have, by Theorem 2.1, 
that K Ai is isomorphic as an ordered group to its image, Ker6 , in K Cj, 
considered as a sub ordered group. The latter (with the choice of pi below) 
is isomorphic to the integers with the unique unperforated order structure, 
and the image of [l^J is \pi\. 

Let pi be a projection corresponding to the vector bundle 

9\ x Cno-(l), 

over Xi, where 81 denotes the trivial line bundle of dimension one over D, 
denotes the universal line bundle over CP fe for every natural number k, and 
<t(1) = 1. We now specify, inductively, the maps 7, : Ci — ► C i+i . Consider 
first the map 

ipi :— id (g) 1 

from C(Xi) to C(X i+1 ) = C{X t x CP na(i+1) ) = C{X t ) ®C{CP na(i+1) ), where 1 
denotes the unit of C(CP nCT( - i+1 - ) ) and id denotes the identity map from CpQ) 
to itself. 
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Consider also the map 

from C(Xi) to C(X i+ i) <g> JC, where e Xi denotes evaluation at Xj. All that we 
shall require of the Xi at this stage is that 7rl +1 (x i+ i) = Xj. 

Now, inductively, let us take 7$ to be the map from Cj to C(Xj +1 )£g>M 2 (/C) 
consisting of the direct sum of the following two maps: first, the restriction 
to Ci C C(Xj) ® /C of the tensor product of ^ with the identity map from 
/C to /C, and second, the map from Ci to C(X{ + i) <g> M gi (/C) consisting of the 
composition of the map <p\ from Ci to Di with the direct sum of g« copies 
of the tensor product of the map j3 i with the identity map from /C to /C 
(restricted to C C(JQ) ® /C), where % is to be specified. The induction 
consists in first considering the case i — 1 (as p\ has already been chosen), 
then setting p 2 = 71 (pi), so that C2 is specified as the cut-down of C(X 2 ) ®/C 
by P2, and continuing in this way. 

With the maps 7» defined as above, we have that pi is a projection in 
C(Xj) ® /C corresponding to the vector bundle 

0i x £ n x (j(2)^ n(T(2) x • • • x a(i)^ n(T(i) , 

where 

(T(i) = n(mult( 7 i)-l). 

Notice that by the Kunneth formula (in Chapter 5 of [10], for instance) the 
classes [#1], [£ n o-(i)], [Cno-(?)] are independent in K°(Xj) (we are abusing 
notation slightly here, using to represent the class of the induced bundle 
7t*(6j), where ir is projection from Xi onto CP k ). Suppose that [pi] = ky 
for some k G Z, y G K°(Xj). It follows from independence that we have 
[Ca] = ky', y G K°(CP n ), whence k = ±1. We conclude that [pi] itself 
generates the subgroup of rational multiples of [pi] in K°Xj, as desired. Thus 
7i induces an isomorphism of ordered groups from Ker6 at the i th stage to 
Ker6 at the (i + l) th stage. 

Note that 7$ — (3$} is non-zero, and so takes Cj into a subalgebra of Cj + i 
not contained in any proper closed two-sided ideal. 

Next, we construct the maps 8 i ,8 i : Di — > -Dj+i, with orthogonal images, 
such that 

54* + « = 0° + i7„ 

+ = 0i+l7i, 
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and 4>° i+ if3i and <p] +1 (3i are direct summands of S[ and S i: respectively. To do 
this we shall have to modify and <pj +1 by inner automorphisms. This 
will not affect the K-theory of A. 

Note that, up to unitary equivalence, we have 

e Xl+1 li = mult(7i)e Xi , 

where mult(7j) denotes the factor by which 7, multiplies dimension. It follows 
that up to unitary equivalence 

Vi+ili = Pi+i <2> e-x l+1 li 

= liipi) ® mult (7^ 
= mult(7 i )7 i (p i ® e x .) 
= mult (7^7^, 

and 

^j+l7i = li ® ldim(p i+ i) 

= mult(7j)7i <g> ldimfe) 

= mult (7;) 7^. 

Take Si and 5[ to be and Sj copies of 7$, where and Sj are integers to 
be specified. The conditions 

5$ + fo\ = 4P i+lli 

and 

Si4>] + 5-0° = 0j +1 7i, 
understood up to unitary equivalence imply that 

raiill/ii-iki-ll^+saiill^/ii+iki-ll'^u^ = {l\ +1 iii +1 +(k i+1 -l t i+1 )vi +1 )^ h 

again, up to unitary equivalence. As K (aO and K (z^) are independent, the 
above equation is equivalent to the two equations 

Tilj + Sil]' 1 = mult(7i)Z| +1 , 
+ Si)ki = mult (7^+1. 

Choose Ti = 2mult(7i) and = mult (7,), so that 
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and 

lU = % + V- 

Take ki — 1, l\ — 1, and /J = 0. Then I] — 1° ^ for all «, as required. 

Next, let us show that, up to unitary equivalence preserving the equations 
8i(j)\ + = 0* + i7i, 4>}+iPi is a direct summand of <5j = 2mult(7i)7i and 

<f>i+ifa is a direct summand of 5 i = mult (7i)7«. 

Note that <fil +1 Pi is a direct sum of copies of p i+ i®Pi and (k i+1 — 
copies of Pi, whereas and S i contain, respectively, gjmult(7j) and 2gjmult(7j) 
copies of fa. Note also, that by Theorem 8.1.2 of [5], a trivial projection of 
dimension dim(j»j + i) + |dimX i+1 in C(X i+1 ) <g> JC contains a copy of Pi+±. 
Therefore, 2dim(pj +1 ) + 2dimXj +1 copies of Pi contain a copy of p i+1 ® fa 
(since 2dim(p i+1 ) + 2dimX i+1 copies of contain a trivial projection of di- 
mension dim(p i+1 ) + |dimXj + i). It follows that fcj + i(2dim(p i+ i) + 2dimX i+ i) 
copies of Pi contain a copy of <p\ + iPi when t is equal to either or 1. By a 
copy of a given map from Di to Dj+i we mean another map obtained from 
it by conjugating by a partial isometry in -Dj+i with initial projection the 
image of the unit. 

Note that 

k i+1 (2dim(p i+1 ) + 2dimX m ) = 6fc i mult(7 i )(dim(p i ) + dimX,), 

and that k iy dim(pj), and dimXj have already been specified, and do not 
depend on It follows that, with 

qi > 6ki(dim(pi) + dimJQ), 

gjmult(7j) copies of Pi contain a copy of (frl+iPu (t G {0, 1}). In particular 5[ 
and 5i contain copies of </>i +1 fa and <j>} +1 fa, respectively. 

With qi as above, let us show that for each t — 0, 1 there exists a unitary 
u t G Di+i such that 

(AdMi)0* +l7i = 0- +1 7i, 

with (Ad-Uo)0i+iA a direct summand of 5[ and (Adui)(j)l +1 fa a direct sum- 
mand of 8i. In other words, for each t — 0, 1, we must show that the partial 
isometry constructed in the preceding paragraph, producing a copy of 4>\ +1 Pi 
inside 5i or 8 t may be chosen in such a way that it extends to a unitary 
element of D i+ \ — which in addition commutes with the image of 0' +1 7«. 

Let us consider the case t — 0; the case t — 1 is similar. First note that 
the unit of the image of — the initial projection of the partial isometry 
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transforming into a direct summand of 5[ — lies in the commutant 

of the image of 0° +1 7i. Indeed, this projection is the image by <p^+\Pi of the 
unit of Di, which, by construction, is the image of the unit of Cj by <p\. The 
property that Pi<p} is a direct summand of 7» implies that the image by Pi<f>} 
of the unit of Cj commutes with the image of 7$. The unit of the image of 
4>i+iPi therefore commutes with the image of 0° +1 7i, as desired. 

The final projection of the above partial isometry also commutes with 
the image of 0° +1 7«. Indeed, it is the unit of the image of a direct summand 
of 5 i1 and since Di is unital it is the image of the unit of Di by this direct 
summand; since Cj is unital and <pj : Cj — > Di is unital, the projection in 
question is the image of the unit of C by a direct summand of 6$}. But 
5^} is itself a direct summand of 0° +1 7i, and so the projection in question is 
the image of the unit of Ci by a direct summand of 0° +1 7i, and in particular 
commutes with the image of 0° +1 7i- 

Note that both direct summands of under consideration 

and a copy of it) factor through the evaluation of C at the point x iy and 
so are contained in the largest such direct summand of 0° +1 7i; this largest 
direct summand, say 7Tj, is seen to exist by inspection of the construction of 
</>° + i7i- Since both projections under consideration (the images of 1 G C by 
the two copies of <j>i +1 Pi<j>j) are less than 7^(1), to show that they are unitarily 
equivalent in the commutant of the image of 0° + i7« O 11 A+i) it is sufficient 
to show that they are unitarily equivalent in the commutant of the image 
of 7Tj in 7Tj(l)Dj +1 7Tj(l). Note that this image is isomorphic to Mdi m ( Pi )(C). 
By construction, the two projections in question are Murray- von Neumann 
equivalent in D i+ i and hence in 7Tj(l).Dj + i7rj(l), but all we shall use from this 
is that they have the same class in K°X i+ i. Note that the dimension of these 
projections is (k i+ idim(p i+1 ))(kidim(pi)), and that the dimension of 7Tj(l) 
is at least Z° +1 (dim(j>j +1 )) 2 . Since the two projections under consideration 
commute with 7Tj(Cj), and this is isomorphic to M<ji m (p i )(C), to prove unitary 
equivalence in the commutant of 7Tj(Cj) in 7Tj(l)Di + i7rj(l) it is sufficient to 
prove unitary equivalence of the product of these projections with a fixed 
minimal projection of 7Tj(0, say e. Since K°X i+1 is torsion free, the products 
of the two projections under consideration with e still have the same class in 
K°X i+ i. To prove that they are unitarily equivalent in eD i+i e, it is sufficient 
(and necessary) to prove that both they and their complements inside e are 
Murray-von Neumann equivalent. Since both the cut-down projections and 
their complements inside e have the same class in K X i+1 , to prove that 
they (i.e., the two pairs) are equivalent it is sufficient, by Theorem 8.1.5 
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of [5], to show that all four projections have dimension at least |dimX i+ i 
(note that dimXj is even). Dividing the numbers above by dim(pj) (the 
order of the matrix algebra), we see that the dimension of the first pair 
of projections is fc i+ i&jmult(7j)dim(pj), so that the dimension of the second 
pair of projections is at least mult(7j)(Z° +1 dim(p i+1 ) — A; i+1 /cjdim(j9j)). By 
construction, dim(pj) = |dimXj. Since k i+ iki is non-zero for all i, the first 
inequality holds. Since Z° +1 , the second inequality holds if mult(7i) is strictly 
greater than fcj+i&j. Since ki + \ki = 3ki 2 , and ki was chosen before qi, we may 
modify our choice of qi to ensure that mult (7;) is sufficiently large. 

This shows that the two projections in D i+ i under consideration are uni- 
tarily equivalent by a unitary in the commutant of the image of 0° + i7«- R- e " 
placing by its composition with the corresponding inner automorphism, 
we may suppose that the two projections in question are equal. In other 
words is unitarily equivalent to the cut-down of 5 i by the projection 

Now consider the compositions of these two maps with <f>j, i.e., $ +l f3i(f>\ 
and the cut-down of S^j by the projection 0° +1/ 9j(l). Since both of these 
maps can be viewed as the cut-down of 0° +1 7i by the same projection, they 
are in fact the same map. 

Therefore, any unitary inside the cut-down of D i+ i by 0° +1( 5j(l) taking 
4>i+iPi i n t° the cut-down of 5 { by this projection — such a unitary is known 
to exist — must commute with the image of </>° +1 /3j0*, and hence with the 
image of 0° +1 7i — since this commutes with the projection $ +1 /3i(l) . The 
extension of such a partial unitary to a unitary w in equal to one 

inside the complement of this projection then belongs to the commutant of 
the image of 0° +1 7«, and transforms into the cut-down of 5 i by this 

projection, as desired. 

Inspection of the construction will show that the maps 8 i — and 
5i — <p\f3i are injective, as required in the hypotheses of Theorem 2.4. 

Replacing with (Ad«t)0* +1 and deforming the $ to other point eval- 
uations aii which are non-zero on a given element (as we may, since Xj is 
connected), we have completed the construction of the desired inductive sys- 
tem (Ai, 9i) satisfying the hypotheses of Theorem 2.4. Thus, the limit B n of 
the inductive system with deformed finite stage maps, (Ai, 9A, is simple. No- 
tice that (K B n , [1 B J) = (Z, 1) — the 0- are unital and (K A h [l Ai \) = (Z, 1) 
for every i — and that B n is separable, nuclear and stably finite since each 
of the Ai is ([!]). 
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4 The main result 



In this section we prove Theorem 1.1 through a series of lemmas. We establish 
that sr(B n ) G {n + l,n + 2} (Lemma 4.1), that K* is weakly unperforated 
(Lemma 4.3), and that B n does not absorb Z (Lemma 4.4). Taken together, 
these results show that B n is as claimed in Theorem 1.1. 

Lemma 4.1 

sr(B n ) E {n+ l,n + 2}. 

The proof will depend on some definitions and results which we review 
below. 

For a unital C*- algebra A we let 

Lg s (A) = {(ai, ...,a s )E A s \ ai A + . . . + a s A = A} 

for every natural number s, and recall that the stable rank of A, sr(A), is the 
least natural number s such that Lg s (A) is dense in A s . If no such natural 
number exists, we set sr(A) = oo ([9]). Note that if (ck,dk) are elements of 
a generalised mapping torus A(C, D, <f> , 4>i) for k G {1,2, ... ,n} such that 

dist((ci, c 2 , . . . , Cn), Lg n (C)) > 6, 

then 

dist(((ci, di), (c 2 , d 2 ), . . . , (c n , d n )), Lg n (A)) > 5. 
Indeed, one can check that 

\\(c,d)\\ := max{||c||,sup t6[0)1] ||d(t)||} 

defines the unique C*-norm on A{C, D, 0o, (/>i)- Thus, if dist(c, c) > 5 for 
c, c G C , then dist((c, d), (c ,d)) > 5 for any (c, d), (c , d ) G A(C, D, <f> , (pi). 

For the remainder of this proof, any notation with subscript i refers, where 
applicable, to the corresponding object in section 3. In order to show that 
B n has stable rank greater than n, we must exhibit n sequences of elements 
Ai 3 dij = ^i(aij) = ((Hj, di,j), 1 < j < n, i G N, such that 

dist(((ci,i, di,i), (ci )2 , di,2), • • • , (ci,„, dj,„)), Lg n (A)) > 5 > 
for all %. From this it follows that 

diBt((C((ci,l» • • • » C(Kn, dl,n))), Lgn(^n)) > 5, 
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so that sr(B n ) > n by definition. (Here 9'^ denotes the inclusion of Ai into 
B n .) By the definition of the norm on the A it it will be enough to show that 

dist((ci,i, Ci )2 , • • • , Ci,„), Lgn(Ci)) > <5 > 

for all %. 

We now review Theorem 7 of [11]. Let e(-) denote the Euler class of a 
vector bundle. Suppose that C is a C*-algebra of the form 

(r + q)(G(M x D n ) ®K)(r + q), 

where M is a smooth oriented manifold, and r and q are orthogonal projec- 
tions in C(M x D ra ) ® /C such that r corresponds to the trivial line bundle and 
q corresponds to a vector bundle a for which e(a) n ^ 0. Let 7r : MxD" — > D n 
be projection onto D n , and let fj : D n — > D be the j th co-ordinate projection. 

Theorem 4.2 (Villadsen ([11]), Theorem 7) LetC, n and fj be as above, 
and let c — (ci, . . . , c n ) G C n 6e snc/i £/ia£ rcf = (fj o 7r)r for all 1 < j < n. 
Then, dist(c, Lg n (C)) > 1. 

Proof of Lemma 4.1: We wish to apply Theorem 4.2 above to the algebras 
Ci, % > 1. The sequel is similar to the proof of Theorem 8 in [11]. For all 
i, let rj denote the sub-projection of the unit of corresponding to the 
one-dimensional trivial sub-bundle of ^ x ^ n x • • • x cr(«)£racr(i)- Note that 
considered as a vector bundle over Xi is the Whitney sum of n and a second 
vector bundle, say g«, and this second vector bundle has e(qi) n ^ 0. Indeed, 

Qi = in x cr(2)£ n(T( 2) x • • • x a(?)^ na(i) , 

and e(u; © 7) = e(u;)e(7) for any two vector bundles uj and 7 over a fixed 
base space so that 

e(<?i) n = e(^ n ) n e(^ na ( 2 )) na(2) • • • e(£ nCTW ) na(l) . 

(We £1X6. clS before, abusing notation slightly, using to represent the bundle 
induced on Xj by via projection from X« onto CP fc .) Since the integral 
cohomology ring H*(CP fc ) is generated by e(^) with the relation e(^) fc+1 = 0, 
we may conclude by the Kunneth Theorem that e(qi) n 7^ 0, as claimed. Each 
Xi is of the form Mj x D ra for some smooth oriented manifold Mj, so the Cj 
have the same form as the algebra C of Theorem 4.2. 
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Note that for any element c 6 Cj there exists an element (c, d) e 
for some suitable d G C([0, 1};D). Let 7Tj : X$ — > -D n be the co-ordinate 
projection, and let /j : D n — > -D be projection onto the j th co-ordinate. Let 
= (cij,dij) be elements of A\ such that cij = (/j o 7Ti)ri, 1 < j < n. 
For each i > 2, put a^j = o o • • • o Q^aiJ). Write a^j = (qj, rfij). 

In section 3, the map % was constructed as the direct sum of ipi and a 
second map. Let ipn denote the composition ipi o o • • • o ip-y. Note that 
ipnij'i) — r «+i- By Theorem 2.3 

c i+l,j — 1pi{ c i,j) © C i+l,j' 

where c^ +1 j is an element of the cut down of Cj by g^; the deformation of #j 
to Q\ is visible in the fibre at infinity only in the perturbation of the image 
of the second direct summand of 7, — the image of ipi remains unchanged. 
Thus, by construction 

r i+1 c i+ltj r i+1 = ?M(n)Q + i,jT/>ii(ri) = ipn(c ltj ) = (/ J -o7r i )V'ii(ri) = (fjOTri)r i+1 . 

By Theorem 4.2 we conclude that 

dist((c i+ i ) i, c i+h2 , • • • , c i+hn ), Lg n (C i+ i)) > 1. 

As noted above, this implies that the simple limit B n has stable rank strictly 
greater than n. 

We now show that sr(B n ) < n + 2. Given an exact sequence B — > A — > C 
of C*-algebras, Corollary 4.12 of [9] states that 

sr(A) < max{sr( J B),sr(C) + 1}. 

Applying this formula to the exact sequence S-Dj — > A, — > Cj we have 

sr(Aj) < max{sr(SA),sr(Cj) + 1}. 

It is known that 

sr(p(CpT) <g> /C)p) = [[dimX/2]/dinrp] + 1 

whenever X a compact Hausdorff space and p is a projection in C(X) ® /C 
([7]). Thus, sr(Cj) = sr(j>j(C(Aj) ® /C)pj) = n + 1 by inspection of the 
dimensions of the Pi and JQ. Since SDj is an ideal in Di <g> C([0, 1]), we have 

sr(SA) < sr(A ® C([0, 1])) < sr(A) + 1 
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by Corollary 7.2 of [9]. Theorem 6.1 of [9] states that 

sr(M n (A)) < \(sr(A) - l)/n\ + 1, 

so that sr(_Dj) = sr(Mfc i dim Pi <8> Cj) < n + 1 for all i. We conclude that 
sr(A) < n + 2, so that sr(_B„) < n + 2 by Theorem 5.1 of [9]. Combining 
this with the fact that sr(_B n ) > n + 1 yields Lemma 4.1. □ 

Lemma 4.3 The ordered group K*B n = K B n © KiB n is weakly imper- 
forated. Its order structure is the strict one coming from the first direct 
summand (K B n ,K B n + ) = (Z,Z + ). 

Proof: Since (KoB n , KoB n + ) is weakly unperforated it will be enough to 
show that every element in KiB n is the Ki-class of a unitary element in 
B n . Since K*B n is the inductive limit of the K*A{, it will suffice to prove this 
assertion for all Ai with i sufficiently large. By the formulas and discussion in 
the proof of Lemma 4.1, we know that sr(M d i mpi (SCi)) = 2 for all i sufficiently 
large. Assume that i is so large for the remainder of the proof. 

From [1] and [9] we know that there is a bijection between elements of 
KxS-Dj and the Kx-classes of unitaries in M 3 <g> Mdi mpj (SCj). Furthermore, 
any unitary in this latter algebra is homotopic to a unitary in M3di m p;(SCi). 
Unitaries in M 3 di m p t (SCi) give rise to unitaries in S_Dj, since 3 < ki for all 
i. Thus, every element of KiS-Dj can be represented as the Ki-class of a 
unitary. The map Kit induced by the inclusion i : SDi — > Ai is surjective (as 
KiCj = 0) and the desired conclusion for Ai follows from functoriality. □ 

Lemma 4.4 For n > 2, B n and B n ® Z are not isomorphic. 

Proof: We proceed by showing that sr(_B n ® Z) < 2, so that sr(_B n ) ^ 
sr{B n ®Z). 

The algebra Z is an inductive limit of prime dimension drop algebras 
l[pi,Piqi, qi], i = l,2,..., where pi — > oo and q-j — > oo as i — > oo (cf. [6]). For 
any C*-algebra A the algebra l[pi,Piqi,qi] <8> A is a full algebra of operator 
fields, so by Theorem 1.1 of [8] we have 

sr(I\pi,Piqi,qi\ ® A) < sup te[0jl] {sr(A t ® C([0, 1]))}, 

where A t is the fibre of q^ <E> A at t G [0, 1]. Since each such fibre is 

one of M Pi (A), M qi (A), or M Piqi (A) we may rewrite our estimate above as 

sr(I\p i ,p i q i ,q i \®A) < max{sr(M Mi (A (g) C([0, 1]))), 

sr(M qi (A ® C([0, 1]))), sr(M Pt (A ® C([0, 1])))}. 
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By Corollary 7.2 of [9] we have sr(A <g> C[0, 1]) < sr(A) + 1. By Theo- 
rem 6.1 of [9] we have that sr(M n (A)) < |~(sr(A) — l)/n] + 1. Thus, there 
exists i eN such that sr(M pm (A <g> C([0, 1]))), sr(M 9i (A <g> C([0, 1]))) and 
sr(M Pi (A ® C([0, 1]))) are all less than or equal to two for i > i . We conclude 
that 

sr(I[Pi,Pift,9i] 0^4) < 2 

for all i > i . Finally, B n ® Z is an inductive limit of algebras of the form 
qi] <S> B n , all but finitely many of which have stable rank less than 
or equal to two. By Theorem 5.1 of [9], the limit B n <g> Z must have stable 
rank less than or equal to two, as claimed. □ 
Thus, we have established Theorem 1.1. In closing, we note that given 
two natural numbers n and m one may carry out the construction of section 
3 to produce algebras B n and B m which, if the parameters are chosen to 
be the same for both constructions, will have isomorphic Elliott invariants. 
This shows that one can produce simple, nuclear, infinite-dimensional, stably 
finite counterexamples to the Elliott conjecture which lie entirely outside the 
class of Z absorbing C*-algebras. The explicit calculation of E\\(B n ) and 
E\\(B m ) is long and not particularly illuminating. We leave it to the reader. 
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